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Denote by r&) the hugest integer for which there exists some way of coloring 
the edges of a complete graph on r&z) vertices in k colors without forcing the 
appearance of a monochromatic simple circuit of length n. A new lower bound 
for rk(5) is obtained. 
Let its , n, ,..., nk be integers, ni 3 3. Denote by r = r(nl , n2 ,..., nk) 
the largest integer for which there exists some way bf coloring the edges of 
a complete graph on r vertices in k colors c, , c, ,..., c, so that for each i 
there is no simple circuit of length ni all of whose edges are colored ci . 
That r(nl , Q ,..., nk) exists is a consequence of Ramsey’s Theorem [6]. 
A number of papers have been written recently concerning the evaluation 
or estimation of r. The case k = 2 has now been settled completely by 
V. Rosta [7, 81 and Faudree and Schlep [3]. Partial results had been 
obtained earlier by Erdas and Bondy [2]. 
In this paper we consider the problem of estimating r when k is large. 
We shall also suppose n, = n, = .-- = ?zK = n and write r&z) instead of 
r(n, n,..., n). In the case where n is even and k is large compared to n, 
quite accurate estimates for r&z) have been obtained by Graham [4], who 
proved (c is an absolute constant), if k > k,(n), 
and, if k 3 k,,(e, n), 
r,(2n) > ckl+l/zn 
r,(2n) < kl+(l+d/(n-1). 
The situation is quite different for n odd. The best general lower bounds 
are those given by Erd& and Bondy [2] who stated’ 
n . 2” < rk(2n + 1) < (2n + l)(k f 2)! (1) 
1 No proof of this is given in [2]. The referee informs me that Erdijs and Graham 
have proved r&z + 1) < 2n(k + 2)! 
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It is, however, known ([ 1, 51) that 
c . 89”j4 < t-43) < [k! e]. 
The object of this note is to prove a theorem which leads to an 
improvement in the lower bound in (1) when n = 2. 
We find it convenient to work with the function r* defined as follows: 
rk*(n) is the largest integer g for which there exists some way of coloring 
the edges of a complete graph on g vertices in k colors without forcing the 
appearance of a monochromatic odd circuit of length at most 2n + I. It is 
clear that 
G(3) = ‘k*(l) 
and that 
r,pn + 1) 3 h*(n). (2) 
We now prove a recurrence inequality for I* which, when combined 
with (2), will give a new lower bound for 145). 
THEOREM 1. r,*,,(n) 2 rk*(n) rz*W 
Proof. Let u = rz*(n) and u = rk*(n). Let G, be a complete graph with 
verticesp, , pz ,..., pu . Color the edges of G1 in I colors c1 , c2 ,..., c1 so that 
there does not result a monochromatic circuit of odd length < 2n + 1. 
Let G, be a complete graph with vertices q1 , q2 ,..., qv and color the edges 
of Gz in k colors cl+1 , c~+~ ,..., c~+~ so as to avoid monochromatic circuits 
of odd length < 2n + 1. Let G have vertex set V = {pii: i = 1, 2,..., U, 
j = 1, 2,..., v}. Note that j V 1 = uv = rz*(n) rk*(n). We color the edges of 
G according to the following scheme: Consider the edge e joining pa0 
and pAu . If /3 = p, in which case 01 and h are distinct, color e the same as 
the edge joining pa and pA in G, . If p # p, color e the same as the edge 
joining qB and qu in G, . 
In order to complete the proof, we must show that G contains no 
monochromatic odd circuit of length < 2n + 1. Let m < n and let 
c = {Por,B1 3 Pq, ).**Y Pazm+lS2m+l } be an odd circuit in G. We need to show 
that C is not monochromatic. 
he 1. A, I% ,..., flPmfl are distinct. Then, according to our coloring 
scheme, if C were monochromatic, {qB, , qsa ,..., qB,,+,} would be a mono- 
chromatic circuit in G, . 
Case 2. fi, = pz = ... = /32m+1 . Then 01~) c+ ,..., a2m+l are distinct 
and if C were monochromatic, {poll , paa ,..., pmzm+,} would be a mono- 
chromatic circuit in G, . 
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Case 3. /31 , fl, ,..., /3z,+1 not all equal and not all distinct. We use 
induction on m. If m = 1, we may assume without loss of generality that 
t:l;sfll # & . Then the edge joining pdg, and paze, is colored in one of the 
1 , c-2 ,***, cz while the edge joiningp,pl and pa,58 is colored in one of 
the colors cl+1 ) Cl+2 ,...) CZ+k . Thus C is not monochromatic. We now 
suppose M > 1 and that there are no monochromatic odd circuits of length 
< 2m - 1. Suppose C is monochromatic. Since a, /32 ,..,, /32m+l are not 
all equal, the color in question must be one of c~+~, cl+2 ,..., c~+~ . 
Consequently /3, # #ls+l for s = 1,2,..., 2m and /3zm+l # /31 . Let 
A -= ,& , s < t - 1. Then if t - s is even, @+ , ~~~8, ..., pags , P~~+~B,+, , 
P”t+16t+a 9*.*, Pa anr+lBztn+l} is a monochromatic odd circuit of length 
2m + 1 - 0 - 4 < 2m + 1. If t - s is odd, {P~,B, , P~,+~~,+~ ,..., P~~-~BJ 
is a monochromatic odd circuit of length t - s < 2m + 1. In both 
instances we arrive at a contradiction of the induction hypothesis. Thus C 
is not monochromatic. This completes the proof of the theorem. 
Since rl*(n) = 2, it follows from Theorem 1 that 
,-k*(n) b 2”. (3) 
We now consider the special case n = 2. It is easy to verify that r,*(2) = 4 
and it is not hard to show that r3*(2) = 8. Thus equality holds in (3) if 
n = 2, k = 2, 3. 
THEOREM 2. r4*(2) 3 17. 
Proof. Let G be a complete graph with vertices labeled 1,2,..., 17. 
ColortheedgejoiningiandjredifJi-j] = 1 or6,blueif Ii-jJ =2 
or5,greenifIi-jI=4or7,yellowif(i--jI=8or3.Itisnowa 
routine matter to check that G does not contain any monochromatic 
triangles or pentagons. The details of the verification, of course, are not 
presented here. We point out, however, that one need only check the red 
edges since the map i --t 2i (mod 17) shows that the monochromatic 
subgraphs are isomorphic. 
It now follows from Theorems 1 and 2 that 
t 
17k/4 if k =O (mod4) 
rk(5) 2 rk*(2) > 
2.17’J+1’/4 if k = 1 (mod4) 
4.17(k-2)/4 if kr2 (mod4) (4) 
&17’“s’P if k = 3 (mod 4). 
Note that when n = 2, (1) gives only rk(5) > 2k+1, so that (4) is a definite 
improvement. 
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We remark in conclusion that for each n, limit,,, (rk*(n))l’” exists. This 
follows in a well-known manner from Theorem 1. However, we cannot 
decide whether the limit is finite or infinite. 
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